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Fall 2023 Jennifer Listgarten, Jitendra Malik DISO

1 Back to Basics: Linear Algebra

Let X € R™", We do not assume that X has full rank.

(a) Give the definition of the rowspace, columnspace, and nullspace of X.

Solution: The rowspace is the span (or the set of all linear combinations) of the rows of X, the
columnspace is the span of the columns of X, also known as Range(X), and the nullspace is
the set of vectors v such that Xv = 0, also known as N(X).

(b) Check (write an informal proof for) the following facts:

(@)

(b)

(d)
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The rowspace of X is the columnspace of X', and vice versa.
Solution: The rows of X are the columns of X', and vice versa.
The nullspace of X and the rowspace of X are orthogonal complements.

Solution: v is in the nullspace of X if and only if Xv = 0, which is true if and only if
for every row X; of X, (X;,v) = 0. This is precisely the condition that v is perpendicular
to each row of X. This means that v is in the nullspace of X if and only if v is in the
orthogonal complement of the span of the rows of X, i.e. the orthogonal complement of
the rowspace of X.

The nullspace of XX is the same as the nullspace of X. Hint: if v is in the nullspace of
XX, thenv' X" Xv = 0.

Solution: If v is in the nullspace of X, then X" Xv = X70 = 0. On the other hand, if v is
in the nullspace of X7X, then v' X" Xv = v'0 = 0. Then, v' X" Xv = [|Xv|l} = 0, which
implies that Xv = 0.

The columnspace and rowspace of X' X are the same, and are equal to the rowspace of X.
Hint: Use the relationship between nullspace and rowspace.

Solution: XX is symmetric, and by part (a),
rowspace(X ' X) = columnspace((X'X)") = columnspace(X ' X)
By part (b), (c), then (b) again,
rowspace(X ' X) = nullspace(X " X)* = nullspace(X)" = rowspace(X),

where ()* denotes orthogonal complement.

—_



2 Pro]oa]oility Review

There are n archers all shooting at the same target (bulls-eye) of radius 1. Let the score for a
particular archer be defined to be the distance away from the center (the lower the score, the better,
and O is the optimal score). Each archer’s score is independent of the others, and is distributed
uniformly between 0 and 1. What is the expected value of the worst (highest) score?
(a) Define a random variable Z that corresponds with the worst (highest) score.

Solution: Z = max{X;, ..., X,}.
(b) Derive the Cumulative Distribution Function (CDF) of Z.

Solution:

FQ=PZ<7)=PX, <7)PX,<7) - PX, <7)= ]_[ P(X; < 7)
i=1

0 if z <0,
=0 7" if0<z<1,
1 ifz>1.

(c) Derive the Probability Density Function (PDF) of Z.

Solution:
n' if0<z<1,

d
f) = d_zF(Z) - { 0 otherwise.

(d) Calculate the expected value of Z.

00 1 1
E[Z]=f Zf(Z)dZ=f znz”_ldz:nf Jdg= .
—o0 0 0 n+1

3 Vector Calculus
l

Solution:

1Good resources for matrix calculus are:
e The Matrix Cookbook: https://www.math.uwaterloo.ca/~hwolkowi/matrixcookbook.pdf
e Wikipedia: https://en.wikipedia.org/wiki/Matrix_calculus

e Khan Academy:
https://www.khanacademy.org/math/multivariable-calculus/multivariable-derivatives

e YouTube: https://www.youtube.com/playlist?1ist=PLSQl0a2vh4HC5feHabRc5cOwWbRTx56nF7.
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Below, x € R? means that x is a d X 1 column vector with real-valued entries. Likewise, A € R¥¢
means that A is a d X d matrix with real-valued entries. In this course, we will by convention
consider vectors to be column vectors.

Consider x, w € R? and A € R, In the following questions, j—x denotes the derivative with respect
T
to x, while Vy denotes the gradient with respect to x. Recall that V, f = (%) .

Solution: Let us first understand the definition of the derivative. Let f : R? — R denote a scalar

function. Then the derivative g—f is an operator that can help find the change in function value at x,

up to first order, when we add a little perturbation A € R to x. That is,

0
Fx+A) = f(x) + 6—§A+o(||A||) (1)

where o(]|A||) stands for any term r(A) such that 7(A)/||Al| — 0 as ||A]| — 0. An example of such a
term is a quadratic term like ||A|[%>. Let us quickly verify that 7(A) = ||A||? is indeed an o(||A||) term.
As ||A]| = 0, we have

") _ AP _

= = llAll =0,
A 1Al

thereby verifying our claim. As a rule of thumb, any term that has a higher-order dependence on
|A]| than linear is o(]|A||) and is ignored to compute the derivativeﬁ

We call ‘;—ﬁ the derivative of f at Xx. Sometimes we use j—f: but we also use 0 to indicate that f
may depend on some other variable too. (But to define U we study changes in f with respect to

ox
changes in only Xx.)
Since A is a column vector the vector g—ﬁ should be a row vector so that ﬁ—iA is a scalar. The gradient
T
of f at x is defined to be the transpose of this derivative. That is V f(x) = (%) .

We now write down some formulas that would be helpful to compute different derivatives in various
settings where a solution via first principle might be hard to compute. We will also distinguish
between the derivative, gradient, Jacobian, and Hessian in our notation.

1. Let £ : R — R denote a scalar function. Let x € R? denote a vector and A € R¥ denote a
matrix. We have

Of _ ixa of (af of of
— R hthat — = |—,—,...,—— 2
ox © Sue a ox ('9x1 ’ 8x2’ ’ (9xd ( )
af
%x
of\" o
vxf=(a—f) =". 3)
X :
af
dxg

2Note that r(A) = V]JA]| is not an o(||A]|) term. Since for this case, r(A)/||All = 1/ V]JA]] = oo as ||A]| = 0.
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2. Lety : R™" — R be a scalar function defined on the space of m X n matrices. Then its
derivative is an n X m matrix and is given by

Ay dy Ay
— e R™ suchthat |—=| =—. 4
0B oB|,; 0Bj @)
3. Forz : RY — R* a vector-valued function; its derivative % is an operator such that it can help
find the change in function value at X, up to first order, when we add a little perturbation A to
X:
0z
Z(x+ A) = z(x) + — A + o(||Al)). (5)
o0x
A formula for the same can be derived as
0z Oz Oz dz1
X o ox D
J(Z) — % c kad — 19.x — ('Jiq oxy "7 dxg , (6)
15).¢ : :
9z Oz Oz Ju
0x Ox;  Oxy 7 Oxg
) 0z 0z
thatis [J@); =|—| = —. (7
ox ij 8Xj
4. However, the Hessian of f is defined as
[ 2 & Pf |
? 9z Ce ) 02 0x10xy """ 0x10xq
X1 0x1 oxi 5 1 5 >
du 0z (] i B or
H(f) — sz(X) — J(Vf)-r — 6,.{2 0x Oxo — 6xz.6x1 0x; Dx20xy (8)
s 0o 9z aZ.f >f >f
Oxg  Oxg """ Oxq »m Oxg0xy 7 @'

For sufficiently smooth functions (when the mixed derivatives are equal), the Hessian is a
symmetric matrix and in such cases (which cover a lot of cases in daily use) the convention
does not matter.

5. The following linear algebra formulas are also helpful:

d
(Ax); = Z Ajjxj, and, )
j=1
d d
ATx); = > Alx;= > Ajx;. (10)
J=1 J=1

Derive the following derivatives.
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(a)

(b)

(©)

X and Vi(W'X)
Solution:

The idea is to use f = w'x and apply equation (2)). Note that w'x = };; w;x;. Hence, we have

g _ (92] W;X; W
ax,- Bx,» "
Thus, we find that
ow'x _ aZjoXj AY jwix; 0Y;wix; X jwix; T

ox = ox = o R ]:[Wl,wz,...,Wd]:W.

T

_ ow'x ' _
And Vy(w'x) = 5% =w.

dx dxq

§
H A% and V(W Ax)

Solution: We discuss two ways to solve the problem.

Using part (a): Note that we can solve this question simply by using part (a). We substitute
u = A"w to obtain that f(x) = u"x. Now from part (a), we conclude that
O(W'AXx) OJdu'x AW TAX)\" .
= — | =A'Ww
ox ox ox

=u' =w'A and Vy(wTAX)= (

Using the formula (2): The idea is to use f(x) = w'AXx, and apply equation (2). Using the
fact that wrAx = ‘i Z;’zl w;A;;x;, we find that

= AT ,
ax]' 8)(7]‘ ( W)j,

o 4 wAxi oY , d
3_f Z Z =1 WiddijXj ZJ XJ(Z Aijwi) _ Z = ZA
=1

where in the last step we have used equation @ Consequently, we have

.
A

TR0 AW AW ATWI| = (AT = WA,

and
TA T
V (WTAX) = (%) —ATw

(wT Ax)
% and V,(w'Ax)

Solution: We discuss two ways to solve the problem.

Using part (a) and (b): Note that we can solve this question simply by using part (a) and (b).
We have (W"Ax) = (x" ATw), since for a scalar «, we have @ = a". And in part (b), reversing
the roles of x and w, we obtain that
Ow'Ax O0x"A'w
ow  Ow

OwTAx\ "
w X) = AX.
oW

=x'AT and Vu(W'Ax)= (
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Using the formula (2) Using a similar idea as in the previous part, we have

af  OXL XL widyx; OXL w(Z Ayxy) &
8_3; _ 1 ajwl i 1 j=14ijX] Z % = (AN,
l 1 _]:

where in the last step we have used equation (9)). Consequently, we have

T AN (A (Ax. ... (AX)] = (A%) = XA,
ow
and
Vo ax = () — A ax

(d) 2229 and V(W AX)

Solution:

Using the formula @): We use y = w'Ax and apply the formula (). We have wTAx =
Z?:l Z?:l W,‘A,‘ij and hence

=W;iX; = (XWT)I'J'.

[6(WTAX)] _ d(W'Ax)
oA | ! 0A i
Consequently, we have

% = [(XWT)ij] =XW',
and thereby V(W AX) = wx'.

(e) XA and V,(xTAx)
Solution:

We provide two ways to solve this problem.

Using the formula (B): We have x ' Ax = Y% Z?zl x;A;jx;. For any given index ¢, we have
X AX = Aggxg + Xy Z(Aj[ + A[j)Xj + Z Z xl‘Al‘ij.
JEl i# jEl

Thus we have

Ox"Ax
an

d
= 2Apxc+ ) (Ajr+Ag)x; = Y (Aje + Agx; = (AT + A)X)y.

Jj#l =1
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And consequently

T
Ox'Ax _ [oxTAx oxTAx Ox"Ax
OX - Ox; ° Oxp ' Oxy

= [(AT + A)x)1, (AT + A)x)s,..., (AT + A)x),|
=(AT+A)X)’
=x"(A+A"),

and hence V (x"AX) = [5(" AX)] =(A+A"Nx.

Using the product rule: Let

8(x) =X,
h(x) =
We have that
dg(x)
=1
dx ’
dh(x)
dx
The product rule says that
d(x"Ax) d( (X)Th(X)) dh(x) dg(x)
£ g0+ hx)TE
dx dx dx
=x"A+ XTATI
=x"(A+A"),

and hence Vi (x"AX) = (A + A")x
(f) V2(xTAx)

Solution:

Using the formula (§): A straight forward computation yields that

o’ f
— L ZA+A;
(9xl~(9xj / * J
and hence
0 f
Vif(x) = laxiaxj} =[(A;; +A)] =A+A".
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