CS 189 Introduction to Machine Learning
Fall 2017 Note 10

1 The Correlation Coefficient

The Pearson Correlation Coefficient p(X,Y) is a way to measure how linearly related (in other

words, how well a linear model captures the relationship between) random variables X and Y.
cov(X,Y)

var(X) var(Y)

pX.Y)=

Here are some important facts about it:

e It is commutative: p(X,Y) = p(¥,X)
o It always lies between -1 and 1: —1 < p(X,Y) <1
* It is completely invariant to affine transformations: for any a,b,c,d € R,

cov(aX +b,cY +d)
\/var(aX + b) var(cY +d)
_ cov(aX,cY)

\/var(aX) var(cY)
_ a-c-cov(X,Y)

Va2var(X)-c2var(Y)

cov(X,Y)
var(X) var(Y)

= p(Xa Y)

p(aX+b,cY+d) =

The correlation is defined in terms of random variables rather than observed data. Assume now
that X,y € R” are vectors containing n independent observations of X and Y, respectively. Recall
the law of large numbers, which states that for i.i.d. X; with mean p,

1 ! a.s
— ZX,- — U asn— oo
n=
i=1
We can use this law to justify a sample-based approximation to the mean:

Y (5D —3)

i=1

cov(X,Y) =E[X —E[X])(Y —E[Y]))] =
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where the bar indicates the sample average, i.e. X = %Z?:] x;. Then as a special case we have

var(X) = cov(X,X) = E[(X — E[X])?] ~ %é(xi —x)?
var(r) = cov(¥,¥) = E[(¥ ~E[¥)}?] = 1 (i~ 5)

I
_

1

Plugging these estimates into the definition for correlation and canceling the factor of 1/n leads us
to the sample Pearson Correlation Coefficient p:

Lz (xi = %) (yi —¥)

fj(xay>: = =
VI (i =% X (i—3)?
&y .
= ——— whereX=x—XxX,y=y—y
fo,yTy

Here are some 2-D scatterplots and their corresponding correlation coefficients:
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You should notice that:

* The magnitude of p increases as X and Y become more linearly correlated.
 The sign of p tells whether X and Y have a positive or negative relationship.

¢ The correlation coefficient is undefined if either X or Y has O variance (horizontal line).

1.1 Gorrelation and Caussians

Here’s a neat fact: if X and Y are jointly Gaussian, i.e.

m ~ N (0,5)

then we can define a distribution on normalized X and Y and have their relationship entirely cap-
tured by p(X,Y). First write

c
X,y)=—2
p(X,Y) .0,
Then )
s {ze ny] :[ o} pcxzcy]
oy Oy |pc0o, O
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2 Canonical Correlation Analysis

Canonical Correlation Analysis (CCA) is a method of modeling the relationship between two
point sets by making use of the correlation coefficient. Formally, given zero-mean random vectors
Xy € RP and Y}y € RY, we want to find projection vectors u € R? and v € R that maximizes the
correlation between X\ u and Y, v:

COV(X u, Y1)
U,y T V/var(X,, u) var(Y,] v)

Observe that
cov(Xpytt, Yy v) = E[(Xy = E[Xy ]) Yy v = E[Y,y v])]
=Eu’ (Xow —E[Xn]) (Yo —E[¥n]) "]
= ”TE[(er —EXw]) (Y — E[YrV])T]V
=u" cov(Xpy, Yy )V
which also implies (since var(Z) = cov(Z,Z) for any random variable Z) that
var(X u) = u' cov(Xey, Xpy)u
var(Yav) = v' cov(Yey, Yy )V
so the correlation writes
u' cov(Xpy, Yoy u
Vil cov(Xey, Xoy )t -vT cov(Yiy, Yoy )V
Unfortunately, we do not have access to the true distributions of X;, and Yy, so we cannot compute
these covariances matrices. However, we can estimate them from data. Assume now that we are

given zero-mean data matrices X € R"*? and Y € R"*9, where the rows of the matrix X are i.i.d.
samples x; € R? from the random variable X;y, and correspondingly for Yrv. Then

P (X1, Yy v) =

covV(Xey, Yiv) = E[(Xry —E[Xw]) Yoy —E[Yn]) '] = E[X Y,y | = Zx,y, = —XTY
0 0
where again the sample-based approximation is justified by the law of large numbers. Similarly,
1 1
cov(Xpy, Xrv) = E[Xn X1 ] ~ - i;x,.xj =- xTx
oly T T
COV(YrvaYrV) = E[Yrerv] ~ ; Zyiy,- =-Y'Y
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Plugging these estimates in for the true covariance matrices, we arrive at the problem

u' (GX'Y)u XYy
max = max
Y \/uT (%XTX) u-vT (%YTy) y W VuTX Xu- viYTYy

p(XuYv)

Let’s try to massage the maximization problem into a form that we can reason with more easily.
Our strategy is to choose matrices to transform X and Y such that the maximization problem is
equivalent but easier to understand.

1. First, let’s choose matrices Wy, W, to whiten X and Y. This will make the (co)variance matri-
ces (XW,) " (XW,) and (YW,) " (YW,) become identity matrices and simplify our expression.
To do this, note that X ' X is positive definite (and hence symmetric), so we can employ the
eigendecomposition

X'X=usSU"

Since
Sy =diag(A (X" X),..., 24(X X))

where all the eigenvalues are positive, we can define the “square root” of this matrix by taking
the square root of every diagonal entry:

V2 — diag <\/AI(XTX), o /zd(xTX)>

Then, defining W, = U,.S, t ZU; , we have

(XWo) T (XW,) =W, X " XW,
= U,S; Pulu s Ul ULy Pul
= U,Sy 5,8 U]
=UU;
=1
which shows that W, is a whitening matrix for X. The same process can be repeated to
produce a whitening matrix Wy, = U,S) v 2UyT forY.

Let’s denote the whitened data X,, = XW, and Y,, = YW,. Then by the change of variables
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Uy = Wx_'u,vw :Wy_lv,

n (Xu)"Yv
max P (Xu,Yv) = max
Uy wv \/(Xu)TXu(Yv)TYv

. (XW W, ) TYw, Wty

KWW ) TXWW (YW ) TY W
— max (XWMW)TYWVW
U, Vw \/(quw)Tquw<YwVw>TYwVw
B u) X, Vv,
_Lrtrv:ﬁ/)»i \/uTXTX uy - vY Y,y
ww Awhtw -V Sy fwhw
= g X Yo

Uy, Vw u;vruw . v;lv—vw

ﬁ (qu»wywvw)
Note we have used the fact that X} X,, and Y, Y, are identity matrices by construction.

2. Second, let’s choose matrices Dy, Dy to decorrelate X,, and Y,,. This will let us simplify the
covariance matrix (X,,Dx) " (¥,,Dy) into a diagonal matrix. To do this, we’ll make use of the
SVD:

XY, =Usv'
The choice of U for Dy and V for D, accomplishes our goal, since

x,0)"(x,V)=U"'xyv,v=UT(UsSVT )V =5

Let’s denote the decorrelated data X; = X,,Dy and Y; = Y,,W,. Then by the change of variables
ug =Dy 'y = D] uy,vg =Dy vy =D vy,

T
~ (quw) Yy
Uy, Vw UwsVw 4 / l/l;vr Uy - V;VI—VW

(XwDxD; 'uy) TY,,DyD; My,

= max
et \/(DxuW)TDxuw - (Dyvy) T Dy,
T
(Xgua)  Yava
= max ——2——
R T ug - vvg
u;Xdevd
= max ————
R Subug - vvg
S

P (Xquq,Yqva)

T
B u; Svy
=maxX ————
Ua:va [T T
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Without loss of generality, suppose u,; and v; are unit Vectorﬂ so that the denominator becomes 1,
and we can ignore it:

.
u,Sv ul Sy
max ——I— = max A = max g S
Ud,Vd T 1 ugl|=1 [|Uq || ||Vd Ugl|=
UgUd " VgVd =1 Ival=1

The diagonal nature of S implies S;; = 0 for i # j, so our simplified objective expands as

udSVd—ZZ ud U vd ZS” ud Vd

where S;;, the singular values of X, Y,,, are arranged in descending order. Thus we have a weighted
sum of these singular values, where the weights are given by the entries of u; and v;, which are
constrained to have unit norm. To maximize the sum, we “put all our eggs in one basket” and
extract S by setting the first components of u#; and v; to 1, and the rest to 0:

1 1

Any other arrangement would put weight on S;; at the expense of taking that weight away from
S11, which is the largest, thus reducing the value of the sum.

Finally we have an analytical solution, but it is in a different coordinate system than our original
problem! In particular, u; and v, are the best weights in a coordinate system where the data has
been whitened and decorrelated. To bring it back to our original coordinate system and find the
vectors we actually care about (x and v), we must invert the changes of variables we made:

u = Weu,, = WDy v=Wyv, =WyDyv,

More generally, to get the best k directions, we choose

w:[@]eww w:{&}ewﬁ
0p—kk Og—ik
where [, denotes the k-dimensional identity matrix. Then

U=W,DU,; V =W,D,V,

Note that U; and V; have orthogonal columns. The columns of U and V, which are the projection
directions we seek, will in general not be orthogonal, but they will be linearly independent (since
they come from the application of invertible matrices to the columns of Uy, V;).

! Why can we assume this? Observe that the value of the objective does not change if we replace uy by ctuy and vy by Bv,,
where o and 3 are any positive constants. Thus if there are maximizers u,, v, which are not unit vectors, then ug /||uy|| and vy /|[vy||
(which are unit vectors) are also maximizers.
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2.1 Comparison with PCA

An advantage of CCA over PCA is that it is invariant to scalings and affine transformations of X
and Y. Consider a simplified scenario in which two matrix-valued random variables X,Y satisfy
Y = X + € where the noise € has huge variance. What happens when we run PCA on Y? Since
PCA maximizes variance, it will actually project ¥ (largely) into the column space of €! However,
we’re interested in Y’s relationship to X, not its dependence on noise. How can we fix this? As it
turns out, CCA solves this issue. Instead of maximizing variance of Y, we maximize correlation
between X and Y. In some sense, we want the maximize “predictive power” of information we
have.

3 CCA regression

Once we’ve computed the CCA coefficients, one application is to use them for regression tasks,
predicting Y from X (or vice-versa). Recall that the correlation coefficient attains a greater value
when the two sets of data are more linearly correlated. Thus, it makes sense to find the k x k weight
matrix A that linearly relates XU and YV. We can accomplish this with ordinary least squares.

Denote the projected data matrices by X, = XU and Y, =YV. Observe that X, and Y, are zero-mean
because they are linear transformations of X and Y, which are zero-mean. Thus we can fit a linear
model relating the two:

Y.~ XA

The least-squares solution is given by
A=x"x)"1xy.
= W'x"xu)"'uTxTyv

However, since what we really want is an estimate of ¥ given new (zero-mean) observations X
(or vice-versa), it’s useful to have the entire series of transformations that relates the two. The
predicted canonical variables are given by

Y. =XA=XUuWU'Xx'xu)"'u'x"yv
Then we use the canonical variables to compute the actual values:
y=v.(v'v)ylv?
=XvWwu'x"xu)y'wxTyv)yvTv)-lyT
We can collapse all these terms into a single matrix Aeq that gives the prediction Y from X:

Aqq= U (UTXTXU)_i(UTXTYV)(VTV)_lle

(. /N

. . Vv Vv Vv
projection whitening decorrelation  projection back
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