CS 189 Introduction to Machine Learning
Fall 2017 Note 7

1 MAP with Colored Noise

Recall the ordinary least squares (OLS) model. We have a dataset 2 = {(d;,y;)}}_, and assume
that each y; is a linear function of 4;, plus some independent Gaussian noise, which we have
rescaled to have variance 1:

' = (0,1) (1)
yi=d; Wtz 2
Initially we used the geometric interpretation of OLS to solve for w. The previous two lectures

showed how we can find w with estimators instead:

1. Maximum likelihood estimation (MLE):

w* = argmaxlog P(Z | w)
w

2. Maximum a posteriori estimation (MAP):

w" = argmaxlog P(w | Z) = argmaxlog P(Z | w) +log P(W)
w w

When deriving ridge regression via MAP estimation, our prior assumed that w; were i.i.d. (uni-
variate) Gaussian, but more generally, we can allow w to be any multivariate Gaussian:

W~ W(ﬁ”ﬁzw)

Recall (see Discussion 4) that we can rewrite a multivariate Gaussian variable as an affine trans-
formation of a standard Gaussian variable:

B=SL T 4 ¥~ N (0,)
~  ~~

noise mean

This change of variable is sometimes called the reparameterization trick.

Plugging this reparameterization into our approximation Y ~ AW gives

S lh, -
Y ~ AL L AL,
ALV~ T — AL,
P = (PATAS D) IS AT (5 — AL
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Since the variance from data and prior have both been normalized, the noise-to-signal ratio (A) is
equal to 1.

However V is not what we care about — we need to convert back to the actual weights w in order to
make predictions. Using our identity again,

B =+ S (ELATAS + DTS AT (5 - ALL)
5 “The —1/h_ 5 o
=T+ ATA+E, 2, AT (- AL,
o
Note that there are two terms: the prior mean f,,, plus another term that depends on both the data

and the prior. The precision matrix of Ww’s prior (X;;!) controls how the data fit error affects our
estimate.

To gain intuition, let us consider the simplified case where

2
GWJ (; e 0
0 o 0
%, = w2
0 0 O

When the prior variance G‘% ; for dimension j is large, the prior is telling us that w; may take on a
wide range of values. Thus we do not want to penalize that dimension as much, preferring to let
the data fit sort it out. And indeed the corresponding entry in X! will be small, as desired.

Conversely if szv j is small, there is little variance in the value of w;, so w; ~ u;. As such we
penalize the magnitude of the data-fit contribution to w; more heavily.

1.1 Alternative derivation

MAP with colored noise can be expressed as:
7 (0,1) 3)
Y R, AR, [i
=1 4
o= Lo w ®
where R; and R,, are relationships with w and z, respectively. Note that the R,, appears twice
because our model assumes ¥ = Aw + noise, so if w = R,,V, then we must have Y = AR,V +noise.

We want to find the posterior w | Y. The formulation above makes it relatively easy to find the
posterior of Y conditioned on w (see below), but not vice-versa. So let’s pretend instead that
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Now w | Y is straightforward. Since v = D~!Y, the conditional mean and variance of w | Y can be
computed as follows:
E[w | Y] = E[Au' + BV | Y]
=E[Ad | Y] +E[BD™'Y | Y]
— AE[W|+E[BD'Y | V]
~—~—~

—

0
= BD'Y
var(# | ¥) = E[(W — E[w]) (# —E[#]) " | Y]
=E[(Ad' +BD~'Y —BD"'Y)(Ad' +BD~'Y - BD"'Y)" | Y]
=E[(Ad)(Ad)" | Y]
=E[Aud' (u)TAT]
= AR ()"]AT

—AAT

In both cases above where we drop the conditioning on Y, we are using the fact u’ is independent
of v/ (and thus independent of Y = Dv'). Therefore
w|Y ~ A (BD"'Y, AAT)

Recall that a Gaussian distribution is completely specified by its mean and covariance matrix. We
see that the covariance matrix of the joint distribution is

wl .t o] _[A BJJAT 0
5] )= ol o
_ [AAT+BBT BDT

. DB'  DD'
-Zw ZW,Y:|
Xyw Xy

Matching the corresponding terms, we can express the conditional mean and variance of w | Y in
terms of these (cross-)covariance matrices:

BD'Y=BD'DTD'Y=BD")(DD")"'Y =%,,y%, 'Y
1
AAT =AAT +BB" —BB'
=AA"+BB" —-BD'DTD 'DBT
1 1
—=AA" +BB" —(BD")(DD")"'DB"
=% —ZurZy Ty
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We can then apply the same reasoning to the original setup:

]EHY] Al WT}} _ [RZRZT—FARWR;[AT ARWRI}

W R,RIAT R,R)
_ [ Yy Zy,w}
Zw,Y z‘4w

Therefore after defining ¥, = RZRZT, we can read off

Y, =R,R}

Yy =%, +AL,A"
Yy =AL,
Yy =X,A"

Plugging this into our estimator yields

A

= Elir| ¥ =]
- ZW,Y 2;1)7
=L,A" (5 +AL,A )Y
One may be concerned because this expression does not take the form we expect — the inverted

matrix is hitting ¥ directly, unlike in other solutions we’ve seen. But using the Woodbury matrix
identit it turns out that we can rewrite this expression as

w= ATz A+ H AT Ty

which looks more familiar.

LAtucev)y l=a"l—a-lu(c ' +va~lu)~lva~!
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