CS 189 Introduction to Machine Learning
Spring 2018 Note 17

| Logistic Regression

Logistic regression is a discriminative classification technique that has a direct probabilistic inter-
pretation. We will first present the binary class case, and then we can easily extend the logic to the
multiclass case.

1.1 Binary Logistic Regression

Suppose that we have the binary classification problem where classes are represented by 0 and 1.
Note that we instead of using —1/ + 1 labels (as in LS-SVM), in binary logistic regression we use
0/1 labels. Logistic regression makes more sense this way because it directly outputs a probability,
which belongs in the range of values between 0 and 1.

In binary logistic regression, we would like our model to output the probability that a data point

is in class 0 or 1. We can start with the raw linear “score” w'x and convert it to a probability

between 0 and 1 by applying a sigmoid transformation s(w'x), where s(z) = 1 +i*2' To classify

an arbitrary point x, we use the sigmoid function to output a probability distribution P(Y") over
the classes O and 1:

PY =1|x,w)=s(wx), P(Y =0]|x,w)=1-s(wx)
we classify x as the class with the maximum probability:

1 ifs(w'x) >05

j=max P(Y =k | x,w) = _
k 0 otherwise

1

Figure 1: Logistic function. For our purposes, the horizontal axis is the output of the linear function w'x;

and the vertical axis is the output of the logistic function, which can be interpreted as a probability between
Oand 1.
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Equivalently, we classify x as
R 1 ifw'x>0
y =

0 otherwise

1.1.1 Loss Function

Suppose we are given a training dataset D = {(x;, ;) }",. In order to train our model, we need a
loss function to optimize. One possibility is least squares:

argmin’ 3 lyi — s(w'x,)[|” + Al wP

w i=1

However, this may not be the best choice. Ordinary least squares regression has theoretical justifi-
cations such as being the maximum likelihood objective under Gaussian noise. Least squares for
this classification problem does not have a similar justification.

Instead, the loss function we use for logistic regression is called the log-loss, or cross entropy:

If we define p; = s(w'x;), then using the properties of logs we can express this as
L(w) = =Y wilnpi + (1 - y)In(1 - p,)
i=1

For each x;, p; represents our predicted probability that its corresponding class is 1. Because
y; € {0, 1}, the loss corresponding to the i’th data point is

Li(w) —Inp; when ; = 1
(W) =
—In(1 —p;) wheny; =0

Intuitively, if p; = y;, then we incur O loss. However, this is never actually the case. The logistic
function can never actually output a value of exactly O or 1, and we will therefore always incur
some loss. If the actual label is y; = 1, then as we lower p; towards 0, the loss for this data point
approaches infinity.

The loss function can be derived from a maximum likelihood perspective or an information-
theoretic perspective. First let’s present the maximum likelihood perspective. We view each ob-
servations y; as an independent sample from a Bernoulli distribution SAQ ~ Bern(p;) (technically
we mean }A/Z | x;, w, but we remove the conditioning terms for notational brevity), where p; is a
function of x;. Thus our observation y;, which we can view as a “sample,” has probability

PY; = ) = Pi ify, =1
1—p; ify; =0
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One convenient way to write the likelihood of a single data point is
P(Y; =y;) = pl" (1 = p;)* %)

which holds no matter what y; is.

We need a model for the dependency of p; on x;. We have to enforce that p; is a transformation of
x; that results in a number from O to 1 (ie. a valid probability). Hence p; cannot be, say, linear in
x;. One way to do achieve the 0-1 normalization is by using the sigmoid function

1

T _
) 14+ e Wi

pi = s(W'x;

Now we can estimate the parameters w via maximum likelihood. We have the problem

wir =argmax P(Y1 =vy1,..., Y, =y, | X1,...,%X,, W)
w

= arg max HP(fQ =y | xi, W)
W=

— argmax [ p%(1 - py) 0~

w i=1

= argmax In [Hpii(l - pi)(l_yi)]

=1

= arg max Zyi Inp; + (1 —y;) In(1 — p;)

w i=1

= argmin — Zyz Inp; + (1 —y;) In(1 — p;)
w i=1

which exactly matches the cross-entropy formulation from earlier. The logistic regression loss
function can also be justified from an information-theoretic perspective. To motivate this approach,
we introduce Kullback-Leibler (KL) divergence (also called relative entropy), which measures
the amount that one distribution diverges from another. Given any two discrete random variables
P and @, the KL divergence from () to P is defined as

P(z)
Q(x)

Dxu(P Q) =) P(x)ln

Note that Dy, is not a true distance metric, because it is not symmetric, ie. Dk (P || Q) #
DxpL(Q || P) in general. It also does not satisfy the triangle inequality. However, it is always
positive, ie. Dgp (P || Q) > 0, with equality iff P = Q).

In the context of classification, if the class label y; is interpreted as the probability of being class
1, then logistic regression provides an estimate p; of the probability that the data is in class 1.
The true class label can be viewed as a sampled value from the “true” distribution Y; ~ Bern(y;).
P(Y;) is not a particularly interesting distribution because all values sampled from it will yield y;:
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P(Y; = y;) = 1. Logistic regression yields a distribution ¥; ~ Bern(p; ), which is the posterior
probability that estimates the true distribution P(Y;).

~

The KL divergence from P(Y;) to P(Y;) provides a measure of how closely logistic regression can
match the true label. We would like to minimize this KL divergence, and ideally we would try to
choose our parameters so that D (P(Y;) || P(Y;)) = 0. Again, this is impossible for two reasons.
First, if we want Dy, (P(Y;) || P(Y;)) = 0, then we would need p; = y;, which is impossible
because p; is the output of a logistic function that can never actually reach 0 or 1. Second, even if
we tried tuning the parameters so that D (P(Y;) || P(Y;)) = 0, that’s only optimizing one of the
data points — we need to tune the parameters so that we can collectively minimize the totality of all
of the KL divergences contributed by all data points.

Therefore, our goal is to tune the parameters w (which indirectly affect the p; values and therefore

the estimated distribution P(Y;)), in order to minimize the total sum of KL divergences contributed
by all data points:

Wi = argmin 3 Dy (P(Y)) || P(Y)

i=1
R Yi (1 — )

= arg min Zyl In=+(1—-y)ln
w =T (1—p)

= arg min Zyi(lnyi —Inp)+ (1 —y)(In(l —y;) — In(1 — p;))
Vo=

= arg min Z(—yi Inp;, — (1 —y) In(1 —p;)) + (yilny; + (1 — y;) In(1 — y;))

w i=1

= argmin — Zyz Inp; + (1 —y;) In(1 — p;)
w i=1

= arg‘{’nin ZH(P(K>7P(}A/;))

Note that the y; In y;+(1—y;) In(1 — y;) component of the KL divergence is a constant, independent
of our changes to p;. Therefore, we are effectively minimizing the sum of the cross entropies

~

H(P(Y;), P(Y;)). We conclude our discussion of KL Divergence by noting the relation between
KL divergence and cross entropy:

Dy (P(Y;) | P(Y;)) = H(P(Y;), P(Y;)) — H(P(Y;))
where:

1. Dx(P(Y;) || P(Y;)) is the KL divergence from P(Y;) to P(Y;):

SNy Yi (1—y)
Dy (P(Y3) || P(Y2)) = ui IHE +(1—y)ln 1—p)

2. H(P(Y;), P(Y;)) is the cross entropy between Y; and Y;:
H(P(Y;), P(Y;)) = —yiInp; — (1 — yi) In(1 — p;)
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3. H(Y;) is the entropy of Y;:
H(Y;) = —yilny; — (1 —y;) In(1 — y5)

Since the parameters W do not affect the entropy, we can optimize the cross entropy instead of the
KL divergence.

1.2 Multiclass Logistic Regression

Let’s generalize logistic regression to the case where there are K classes. Similarly to our discus-
sion of the multi-class LS-SVM, it is important to note that there is no inherent ordering to the
classes, and predicting a class in the continuous range from 1 to K would be a poor choice. To see
why, recall our fruit classification example. Suppose 1 is used to represent “peach,” 2 is used to
represent “banana,” and 3 is used to represent “apple.” In our numerical representation, it would
appear that peaches are less than bananas, which are less than apples. As a result, if we have an
image that looks like some cross between an apple and a peach, we may simply end up classifying
it as a banana.

The solution is to use a one-hot vector encoding to represent all of our labels. If the 7’th observa-
tion has class k, instead of using the representation y; = k, we can use the representation y, = ey,
the k’th canonical basis vector. For example, in our fruit example, if the i’th image is classified as
“banana”, its label representation would be

y; =[010]

(Be careful to distinguish between the class label 3; € R and its one-hot encoding y,; € R¥). Now
there is no relative ordering in the representations of the classes. We must modify our parameter
representation accordingly to the one-hot vector encoding. Now, there are a set of d + 1 parameters
associated with every class, which amounts to a matrix W &€ RE*(d+1) For each input x; € R+
each class k£ is given a “score”

Zr = WkTXi

Where wj, € R is the k’th row of the W matrix. In total there are K raw linear scores for an
arbitrary input x:
[WlTX WQTX e WKTX]

The higher the score for a class, the more likely logistic regression will pick that class. Now that we
have a score system, we must transform all of these scores into a posterior probability distribution
P(Y) For binary logistic regression, we used the logistic function, which takes the value w'x
and squashes it to a value between 0 and 1. The generalization to the the logistic function for
the multi-class case is the softmax function. The softmax function takes as input all /K scores
(formally known as logits) and an index j, and outputs the probability that the corresponding

softmax distribution takes value j:

esi

B Zszl ek

The logits induce a softmax distribution, which we can verify is indeed a probability distribution:

o(z);
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1. The entries are between O and 1.

2. The entries add up to 1.

Using the softmax function, we generate probabilities for each class:
y =0(Wx) = |0(Wx); o(Wx)y ... c(Wx)g
and our prediction is the class with the maximum probability:
g = max o(Wx)y,
On inspection, this softmax distribution is reasonable, because the higher the score of a class, the
higher its probability. In fact, we can verify that the logistic function used in the binary case is a

special case of the softmax function used in the multiclass case. Assuming that the corresponding
parameters for class 0 and 1 are wy and wy, we have that:

N
N eW1 Xi
PYi=1[x;,W)=0(Wx;)1 = — — = s((w1 — wp)'x;)
eWO Xq + ewl Xq
N wo'x;
P(Yi =0 x:, W) = 0o(Wx;)o = =1— s((w1 — wo)'x;)

eWo'Xi | ew1'x;

In the 2-class case, because we are only interested in the difference between w; and w,, we just
use a change of variables w = w; — wy. We don’t need to know w; and w individually, because

~ A~ A

once we know P(Y; = 1), we know by default that P(Y; =0) =1 — P(Y; = 1).

1.2.1 Loss Function

Let’s derive the loss function for multiclass logistic regression, first using the information-theoretic
perspective. The “true” or more formally the target distribution in this case is P(Y; = j) = §;,,.
In other words, the entire distribution is concentrated on the label for the training example. The
estimated distribution P(Y;) comes from multiclass logistic regression, and in this case is the
softmax distribution:

~ erTxi

P(Y,=j) = TE i
k=1

Now let’s proceed to deriving the loss function. The objective, as always, is to minimize the sum
of the KL divergences contributed by all of the training examples.

Wyar = argmin » D (P(Y;) || P(Y7))

w i=1

RS o PO =)
= arg min PY,=j)In| ———=
i 3P0 (1522

i=1 j=1 i
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:argmln ZZ i #X)

i=1 j=1
= argmln E :E : G- N 0jy — 0y, - In (U(Wxi)j)
=1 j=1
= argmln - E E 0y - In (0(Wx;);)
=1 j5=1
ew]Txi
Zargmm—i:iiayz SE wie
W X
=1 ] 1 Zk,‘:le o

= argmln ZH ,P(Y))

Just like binary logistic regression, we can justify the loss function with MLE as well:

WMCLR:argmaX P(Yl :yl,...,ffn:yn | X1,...,%X,, W)

w

:argmax HP i =vi | xi, W)

=1
= arg max H H P(Y; = j | x;, W)%wi
i=1 j=1
:argmax E E 85, M P(Y; = j | x;, W)
=1 j5=1
erTX,'
— arg max E E —_—
g 7 yz Z ewk—rxz
i=1 j=1 k=1
ew]Txi
= argmin — E E —
g Js yz ZK eWkai
=1 j=1 k=1

We conclude that the loss function for multiclass logistic regression is

n K
> Gjy - P(Y; = j | x;, W)

i=1 j=1

1.3 Training

The logistic regression loss function has no known analytic closed-form solution. Therefore, in
order to minimize it, we can use gradient descent, either in batch form or stochastic form. Let’s
examine the case for batch gradient descent.
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1.3.1 Binary Case

Recall the loss function
L(w)=— Z?Jz Inp; + (1 —y;) In(1 — p;)
i=1

where !
.
i = S(W X;) = —————=—
pi=s(Wxi) =

VwL(w) =V | — Zyi Inp; + (1 —y;) In(1 — p;)
i=1

= — Z YiVwInp; + (1 — ;) Ve In(1 — p;)
i=1

o 1 —wy
= - Z y_vai - Y Vwpi
-1 Pi

L —ps
- i 1=y
—- > (- ) v
iz \DPi 1 —p;

Note that V,s(z) = s(z)(1 — s(z)), and from the chain rule we have that
Vwpi = Vis(w'xi) = s(w'x;) (1 = s(w'x))x; = pi(1 — pi)x;

Plugging in this gradient value, we have

—\p; 1-p
R R R
_ i (1 = i) — (1 = 9:)(p2)) i
_ _i(yi — Di) X

The gradient descent update is thus

witD) — w® 4 ¢ Z (yi — pi) %
i—1

Note 17, ©UCB CS 189, Spring 2018. All Rights Reserved. This may not be publicly shared without explicit permission.



It does not matter what initial values we pick for w, because the loss function L(w) is convex and
does not have any local minima. Let’s prove this, by first finding the Hessian of the loss function.
The k, [th entry of the Hessian is the partial derivative of the gradient with respect to wy, and wy:

9°L(w)

ﬁwkéwg

9 n
a_U)k - ; (yz _pz) )

"9
= Z a—wkpil’iz
= sz pz T4l

kl —

We conclude that
sz — P)XiX;

To prove that L(w) is convex in w, we need to show that Vv, v' H(w)v > 0:

n

VT V =V sz pz X’LX’LTV - Z(VTXi)Zpi(l - pl) 2 0

=1

1.3.2 Multiclass Case

Instead of finding the gradient with respect to all of the parameters of the matrix W, let’s find them
with respect to one row of W at a time:

K -y
eWi
Vi, L(W) =V Z G (W)
k=1

=1 j=1
n K e“’foi
== 5]',@/2‘ Vi, In K .
22 i e
i=1 j=1 k=1
n K K
T Ty
= — E E djvi - | Vw, W, x; — Vg, In E eV Xi
i=1 j=1 k=1
n K GWZTXi
: : : : 1Y Ly; ZK ewkaz‘ T
i=1 j=1 k=1

S5 (i P00 0)

Note 17, ©UCB CS 189, Spring 2018. All Rights Reserved. This may not be publicly shared without explicit permission. 9



The gradient descent update for wy is thus

n

Wét—i-l) - W2t+1) + EZ (5&% — p(ffl = g)) X;

=1

Just as with binary logistic regression, it does not matter what initial values we pick for W, because
the loss function L(W) is convex and does not have any local minima.
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